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COVERINGS 
The Lins-Mandel manifolds 6e(b, l, t, 1) are proved to be 2-fold coverings of S 3 branched 
- over a link. This permits to prove some conjectured properties of these spaces. 
1. Introduction 
S. Lins and A. Mandel have defined a very interesting class of 3-manifolds 
particularly suited for computer-aided investigation [8]. The manifolds are 
presented as edge-coloured graphs 6e(b, l, t, c), whose definition will be reported 
later. Among other, Lins and Mandel conjectured that if b and l are odd and 
coprime, then ~(b,  l, l -  1, 1) is a homology sphere. Recently Cavicchioli has 
proved the conjecture by direct (and rather heavy) computation of the homology 
groups [2]. Here the result is re-obtained as a simple consequence of much more 
general propositions and of a classical theorem. 
We shall give a complete interpretation of the sub-family corresponding to 
c = 1, which is the one most deeply investigated in [8] itself. Proposition 1 asserts 
that these manifolds are 2-fold coverings of S 3 branched over a link L and its 
proof contains a construction of L itself. Proposition 2 specializes the study to the 
case t = l -  1, for which L is a torus link, and Corollary 2(a) is the quoted 
conjecture. 
We are confident hat the interpretation given here can be extended to the 
whole family of Lins-Mandel manifolds (i.e., with c~= 1) by using 2-fold 
coverings of manifolds other than S 3. 
By a 4-coloured graph G = (F, y) we shall mean a graph F (with possibly 
multiple edges, but no loops) regular of degree 4, endowed with a proper edge 
coloration, i.e., a coloration y : E(F)  ~ A 3 = {i ~ 7/[ 0 <<- i <~ 3} such that 
y(el) ¢ y(e2), for any two adjacent edges el, e2. A 3-dimensional pseudocomplex 
K(G)  [7, p. 49] can be constructed from G by the following rules [3, 6, 8]: 
(1) take a 3-simplex oP(x) for each x ~ V(F) ,  and label its vertices by A3; 
(2) if x, y e V(F)  are joined by an edge e, and y(e)= c, then identify the 
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2-faces of O'3(X) and a3(y), opposite to the vertices labelled by c, so that equally 
labelled vertices are identified together. 
G will be said to represent [K(G)[ and every homeomorphic polyhedron. If 
[K(G)[ is a PL-manifold, G is said to be a 3-gem. A 3-gem is called a 
crystallization if it is contracted, i.e., if, for each colour c e A3, the subgraph 
obtained by deleting all edges coloured c is connected. By construction, this 
condition is equivalent to claim that K(G) has exactly four vertices. Crystalliza- 
tions exist for all PL-manifolds [11, 3]. For a survey on this theory see [5]. As 
references for graph-theory and PL-topology we assume respectively [1] and [12]. 
We now report the definition of b~(b, l, t, c). 
The vertex set is 27 b x 7/2/. The edges and their coloration are defined by the 
following fixed-point-free involutions on 7/b X 7/2/: 
a~(i, j )  = (i + c .  #( j  - t), 1 - j + 2t), 
:r(i, j )  = (i, j - ( -  l y ) ,  
e(i, j)  = (i, j + ( - l y ) ,  
v(i, j )  = (i + a(j),  1 - j ) ,  
where 
1 ifl~<j<~l, 
#( J )=-1  if l + l <-j <~ 2l, 
j being normalized mod 2l, between 1 and 2l. 
In particular consider the family o~ = {6e(b, l, t, c) I GCD(b, c) = 1, 
GCD(t, l )=1 and (l odd~c=( -1) t )} ,  all of whose members are crystal- 
lizations, as proved in [8, Theorem 8]. 
2. 2-fold coverings 
The procedure xplained in the next proof is illustrated in Fig. 1. Figure la 
shows the graph 5¢(3, 4, 3, 1) and Fig. lc represents the resulting knot projection, 
while Fig. lb depicts the intermediate stage. 
Proposition 1. Every 6e(b, l, t, 1) ~ ,~ is a crystallization of a 2-fold covering space 
of S 3 branched over a link L. 
Proof. The fact that every graph of ~ is a crystallization is Theorem 7 of [8]. 
Now we want to build a link L out of 5~(b, l, t, 1) and to show that this graph 
actually represents the 2-fold covering of S 3 branched over L. 
Consider the subgraph 6e' of 6e=Se(b, l t, 1) obtained by deleting the 
a,-coloured edges. This planar graph consists of b cycles Ci, i e Zb, coloured by zr 
and e and of v-coloured edges connecting vertices of Ci with vertices of C~+1 or 
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Ci-1. Let y" V(Se')---> V(6e') be the involution defined by y(i, j) = (i, 1 + l + t - 
j), (i, j) e V(.Y'); note that the vertices (i, ½(1 + l + t)) and (i, ½(1 - l + t)) are 
fixed under y: the division by 2 is allowed by the conditions in the definition of 5e 
for c = 1. Moreover ), acts by reflecting each vertex of Ci through the diameter link- 
ing the two fixed vertices of Ci. Now let ~ '  be actually embedded into a plane 
(z = 0 say), with the cycles Ci bounding regions. On vertical planes draw one edge 
in form of a bridge I with end-points (i, ½(1 + l + t)) and (i, ½(1 - l + t)), for each 
i e 7/b; on z = 0, keeping planarity, draw one edge, called auxiliary edge, for each 
pair of corresponding vertices under y (the plane part of this graph is depicted in 
Fig. lb). Now delete the edges o f  the cycles C~: the space of the graph so 
obtained is the bridge presentation of a link L. 
L 
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Fig. la. 
O, 
1 A bridge between the points X and Y in the plane z = 0 is defined as the union of the following 
three segments a, b, c lying in the vertical plane which passes through X and Y: a and b are vertical 
segments of length 1 whose lower end-points are X and Y respectively and c is the horizontal segment 
connecting the upper end-points of a and b. 
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In order to apply the construction of [4], we need to show that each component 
of L contains at least one bridge. Let us verify that, by starting from any 
vertex (i, j) and going alternatively along an auxiliary edge and a v-coloured 
edge, we always reach one of the fixed points of ~,, i.e., for each j e 27, there exists 
an integer k such that (v'r)k(i, j) = ~,(vy)k(i, j). By imposing this condition on the 
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second coordinate j, we obtain 
j - kI - k t  =- 1 + l + t + k ( l  + t) - j (mod 2l) 
and then 
whence 
2j - 2kt  - (1 + l + t) - 0 (mod 21), 
j - kt  - ½(1 + l + t) =-- 0 (mod I). 
As  GCD(I, t) = 1, for every j e Z, it always exists an integer k e At that satisfies 
this condition. 
Consider now the cristallization q3 of the 2-fold covering space of S 3 branched 
over L described in [4]. It is obvious that steps (1) and (2) of the construction 
lead back to the graph ~' .  Draw now the edges coloured by the fourth colour 
according to step (3). The involution y is the same previously defined and 6 from 
[4] is the involution v of the definition of 5e. Let (i, j) be any vertex of ~ ' ;  then, 
noticing that, for any x e A2~, /~(1 + l - x) =/~(x), we have 
y~y( i ,  j )=  y~( i ,  1+ 1 +t - j )=  y( i  + /u(1 + l + t - j ) ,  - l - t  + j )  
=( i  +/z(1 +l  + t - j ) ,  1 + l +t - ( - l - t  +j) )  
= (i +/z(j - t), 1 - j  + 2t) = tr(i, j), 
so that the crystallization ~ coincides with the graph 5e. [] 
Now observe that in the case of t = I -  1, the conditions GCD(I, t )= 1 is 
automatically verified. Let us see what the bridge presentation looks like in this 
case: we have b bridges cyclically arranged around an axis; from the projection of 
one bridge to the next, there are t = l - 1 arcs which shift by one position. Then 
the link under consideration is the closure of the/-braid (aF2 l ' .  •. • a l l )  b, where 
ai  -1 is depicted in Fig. 2 (see also [10, p. 80]). The link is then the torus link 
{b, l}. Fig. 3 shows the 4-braid (a31- a21- o71). The example already given in 
Fig. 1 actually refers to this situation, the knot being the torus knot {3, 4}. 
i i+I I i-I i+2 
Fig. 2 







Proposition 2. For all b and l, the graph 6e(b, l, l - 1, 1) represents the 2-fold 
covering of S 3 over the torus link {b, I}. [] 
The next corollary gives a positive answer in a general form 'to the question of 
[8] about the homeomorphism of the manifolds represented by 6e(3, 4, 3, 1) and 
5e(4, 3, 2, 1). 
Corollary 1. For all b and l, b~(b, l, l -  1, 1) and ~(l, b, b -  1, 1) are crystal- 
lizations of  the same manifolds. 
Proof. By Propositions 1 and 2 the graphs 6f(b, l, l -  1, 1) and ~(l, b, b - 1, 1) 
represent he 2-fold coverings spaces of S 3 branched over the torus links {b, l} 
and {l, b} respectively. But these links are equivalent. [] 
Part (a) of the following corollary contains a positive answer to Conjecture 6 of 
[8]. Parts (a) and (b) are formulated in the standard notation for Seifert manifolds 
[13,9]. 
Corollary 2. (a) For every b and l odd and coprime, bD(b, l, l -  1, 1) is a 
crystallization of the homology sphere (0o01 -1 ;  (2, 1), (b, fil), (l, fi2)), where 
fix, fi2 are univocally determined by -b l  + 2fill + 2fi2b = +1; 
(b) if either b or l (b say) is even and different from 2, b~(b, l, l - 1, 1) is a 
crystallization of the manifold (000]  +2; (½b, fil), (l, fi2), (l, fi2)), where fil, [32 
are univocally determined by -b l  + bfi E + Ifil = -t-1; 
(c) if b = 2, 6e(2, l, l - 1, 1) is a crystallization of  the lens space L(l, 1). 
Proof. Again by Propositions 1 and 2 the graph in question is a crystallization of 
the 2-fold covering of S 3 branched over the torus link {b, l}. Then the result 
comes straight from [9, Theorem 3.8]; in particular part (a) comes from [13, 
Section 13]. [] 
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